In the present paper we investigate a semi-group of triangular integral operators V β , which is an analogue of the semi-group of the fractional integral operators J β . With the help of these semi-groups, we construct and study two classes of triangular Friedrichs models A β and B β , respectively. Using generalized wave operators we prove that A β and B β are linearly similar to a self-adjoint operator with absolutely continuous spectrum.
Introduction
1. In the present paper we investigate the triangular integral operators and C stands for the complex plane. We shall show that the operators V β form a semi-group, which is an analogue of the semi-group of the fractional integral operators
With the help of the semi-groups of operators J β and V β we construct and study two classes of triangular Friedrichs models A β and B β , respectively. Using generalized wave operators we prove that A β and B β are linearly similar to a self-adjoint operator with absolutely continuous spectrum. Using relations
we obtain
Equality (1.7) implies the equality (1.4). The lemma is proved.
Proof. Indeed, according to (1.4) we have (see [9, p. 24] )
This proves the proposition.
The operators V β have a following important property [10] .
Theorem 1.3
The operators V β (ℜβ > 0) defined by formula (1.1), form a semi-group, that is,
2. We introduce the following integro-differential operator
In the book [9, p. 73] we proved that the operator V 1 is a right inverse of R.
3. By H α we denote the space of all function such that f (x)∈L 2 (0, ω) and f (x) = 0 when x∈[0, α]. It is easy to see that the spaces H α , 0 < α≤ω, are invariant subspaces of the operator V β . Definition 1.5 A bounded operator T is unicellular if its lattice of invariant subspaces is totally ordered by inclusion. Theorem 1.6 The operator V β , 0 < β≤1, defined by formula (1.1) is unicellular.
Proof. Let us consider the inner product
(1.12) Assuming that V n β f, g = 0 we use the set of functions ψ n (x) = e −x 2 /2 H 2n (x), where H 2n (x) are Hermite polynomials. The set of functions ψ n (x) is complete in the Hilbert space L 2 (0, ∞). We note that H 2n (x) are even polynomials of the degree 2n. Hence, the set of functions ϕ n (x) = e −x 2 /2 x 2n is complete in the Hilbert space L 2 (0, ∞). Changing the variable s β/2 = u and taking into account the formulas (1.12) and V n β f, g = 0, we have
Relation (1.13) can be written in the form
(1.14)
It follows from (1.14) that
By changing the variables x = ω − x 1 , u = ω − u 1 we obtain 2 Triangular integral operators with logarithmic type kernels 1 . In the present section we shall consider the operators
The operator S β is the main term in the expression which defines the operator V β (see (1.1), (1.2)). Thus, by investigating the operator S β we also obtain some properties of the operator V β . The operator S β is of independent interest as well. Rewrite the operator S β in the following form
We note that the operator S β is well-defined by formula (2.2) in the case where ℜβ≥0. Let us introduce the functions (see [8] and [10] )
3)
Theorem 2.1 If ℜβ≥0 and 0 < ω < 1, then the following asymptotic relations are valid:
Proof. According to the Cauchy theorem we have
where the curve γ is depicted by Fig.1 . .7) we obtain the equality
Let us consider the integral
When λ tends to infinity, equality (2.9) yields
Integrating by parts we estimate the integral
where t = ωe iϕ , λ→ + ∞. Relations (2.8), (2.10) and (2.11) imply (2.5) for the case λ→∞. In the same way we deduce (2.5) for the case λ→ − ∞.
Relation (2.6) follows from (2.5) and from the equality (see [8] )
The theorem is proved.
Thus, the function −iλ s(λ) is bounded. Hence, we obtain the following assertion (see [8] ).
Corollary 2.2 If ℜβ≥0 and 0 < ω < 1, then the operator S β defined by formula (2.2) is bounded in the space L 2 (0, ω).
Further we need the following asymptotic relation (see [8] ):
Using (2.6) and (2.13) we derive two statements below.
Corollary 2.3
If ℜβ = 0 and |z| = 1, then the points z belong to the spectrum of the operator S β . Corollary 2.5 If ℜβ≥0 and 0 < ω < 1, then the operator V β is bounded in the space L 2 (0, ∞).
Corollary 2.4 If
Corollary 2.6 If ℜβ = 0 and |z| = 1, then the points z belong to the spectrum of the operator V β .
Corollary 2.7 If
ℜβ = 0, ν > 0, γ = β + ν, then in the space L 2 (0, ∞) we have V γ →V β , ν→0, (strong convergence). (2.15)
Let us introduce the operator
where f (x)∈L 2 (0, ω) and 0 < ω < 1.
Proposition 2.8
The operator T β is such that T β ∈σ 2 and T β / ∈σ 1 .
Proof. It is obvious that T β ∈σ 2 . In order to prove that T β / ∈σ 1 we write the operator T β in the form
where
Integrating by parts the right-hand side of the expression 
where ϕ n (x) = e ixn/ω . Next, we use the following result [3] : if an operator A is compact in the Hilbert space and ϕ j is an orthonormal system, then Hence, the proposition is proved.
Friedrichs model
Let us consider in the Hilbert space L 2 (0, ω) the operator
Using relations (1.1) and (1.2) we obtain
We need the relation (see [1] ):
Relations (1.2) and (3.4) imply that
Relations (3.3) and (3.5), (3.6) imply the following proposition.
Proposition 3.1
The operator A α,β is defined by (3.2), where
Using again relations (1.2) and (3.4) we have
Hence, the equality
is valid.
Remark 3.2
It is easy to see, that the functions E m (x) form a complete system in the Hilbert space L 2 (0, ω), Thus, we proved the following statement.
Proposition 3.3
The operator V β strongly converges to the identity operator I when β→ + 0.
In view of (3.1), (3.7) and Proposition 3.3 the following theorem is valid.
Theorem 3.4 Let ℜα = 0, α =0, β = −α. Then the operator
has the form
It follows from (3.12) that has the form
We note, that the operators A α and B α are partial cases of the Friedrichs model [2] .
4 Generalized wave operators 1 . Let us introduce the notion of the generalized wave operators ( [7] ).
Definition 4.1 Let the operators A and A 0 act in the Hilbert space H, where the operator A 0 is self-adjoint with absolutely continuous spectrum. We assume that there exists a unitary operator function W 0 (t) satisfying the following conditions:
1. The limits in the sense of strong convergence
exist.
lim
3. The commutations relations hold for arbitrary values t and τ :
The operators W ± (A, A 0 ) are named generalized wave operators. If W 0 (t) = I then the operators W ± (A, A 0 ) are usual wave operators.
The formulated notions of wave operators and generalized wave operators are correct and useful not only for self-adjoint operators A, but for non-selfadjoint operators A too. 
where the operators V and V −1 are bounded and the operator A 0 is self-adjoint with absolutely continuous spectrum. 
Proof. As in the of self-adjoint case we use the relation
The second relation of (4.3) and (4.6) imply
This proves the proposition. According to equality (3.10) the operator A α has absolutely continuous spectrum. The following statement is valid. Using (2.6), (2.13), (4.2) we obtain (4.9). The proposition is proved. According to equality (3.14) the operator B α has absolutely continuous spectrum. The following statement is valid. holds (see [8, formula (22) ]). Now, we write the equality e iBαt e −iQt W 0 (t)e ixτ = J −α e iQt J α e −iQt W 0 (t)e ixτ . (4.14)
Hence, using (2.13), (4.13) and (4.2) we obtain (4.12). The proposition is proved.
